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Abstract. An evolution of a quantum mechanical system under a non-adiabatic external
perturbation at the time interval [0, T] is considered. It is shown that all the cyclic states
of the system, [W(T))=e'?|¥ (D)), are determined by the eigenvalues ¢ (quasi-energies)
and associated eigenvectors |, (2)} of the Schridinger operator §,(2)= H{(r)-ih(3/a1)
acting on some Hilbert space. The set of linearly independent cyclic (quasi-energy) states
possess some properties similar to the properties of the stationary states of a closed system.
The Berry phases of the states associated with eigenvectors of the discrete spectrum of
8§, (#), which are single-valued functions of @ = 2o/ T, are supplied by the partial derivatives
of the corresponding eigenvalues (quasi-energies) with respect to w. The approach
developed is iMustrated by several applications to time-dependent systems: the system
under an adiabatic perturbation, the forced harmonic oscillator, and the two-level system.
Even in the case of a system with a time-independent Hamiltonian there exist non-stationary
quasi-energy states that have non-trivial Berry phases (3/2x not an integer). The criterion
of existence of such states is formulated in terms of the energies of the system, and the
corresponding expression for the Berry phases is obtained. Some examples of non-stationary
cyclie states of closed systems, including the coherent states of a force-free oscillator and
the Wannier states of electrons in the parabolic band, are considered.

1. Introduction

This paper is based on the early works [1-5] on the quasi-energy approach to time-
dependent systems. It is shown that although the notions of the ‘quasi-energy’ and the
‘quasi-energy state’ were originally introduced for systems with T-periodic
Hamiltonians, they can be applied to the description of any system considered in the
time interval [0, T].

The language of the quasi-energy approach is well snited for the description of
cyclic states and Berry phases of non-adiabatic quantum systems. The results of
exploiting this language are presented below. They are grouped into sections as follows.

It is shown in section 2 that the problem of determining all possibie cyclic states
¥ (T)=¥,(0) e’ of a quantum system with an arbitrary Hamiltonian H({t) can be
reduced to an eigenvalue problem for the Schrddinger operator §,(t) = H(t) —if(3/at)
on some Hilbert space 7. Any cyclic state can be presented in the form

W (1)) = exp(—ist/ k)@ (2)) le:(T)) =|e.(0))

where ¢ is an eigenvalue and |p.(¢)) is the corresponding eigenvector of S,(z). The
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982 A N Seleznyova

expression for the evolution operator of the system in terms of the cyclic states is
obtained for the case where {|¢,(¢))} is complete in .

The connection is established in section 3 between the cyclic states of a system
considered in the time interval [0, T] and the quasi-energy states of a T-periodic
system, closely related to the former. It is shown that the quasi-energy approach [1-5]
can be applied to the description of the system in the time interval [0, T}, even if
H(T)# H{0).

In section 4 Berry phases and dynamical phases of the system are expressed in
terms of the inner product of the Hilbert space #. It is shown that the Berry phases
of the states associated with eigenvectors of the discrete spectrum of S(¢), which are
single-valued functions of w=2#/T in some interval, are supplied by the partial
derivatives of the corresponding eigenvalues (quasi-energies) with respect to w. It is
shown that some linear combinations of the quasi-energy states become cyclic for
certain isolated values of the frequency @ of the external perturbation (multiphoton
resonance). The Berry phases for this case are also considered.

An expression for the quasi-energy of the quasi-energy state corresponding to a
cyclic adiabatic evolution of a quantum system is obtained in section 5. In the adiabatic
approximation () is a linear function of w with a gradient —8#/2w, where B is the
corresponding Berry phase.

In section 6 the two-level system is considered. It is shown that in the rotating-wave
approximation the shift (with respect to the unperturbed value) of a quasi-energy is
proportional to the corresponding Berry phase. Since the quasi-energies determine the
spectral characteristics of the sysiem, this shift can be measured. It is shown that in
the case of the multiphoton resonance all states of the system are cyclic and the
corresponding Berry phases are calculated.

It is shown in section 7 that the complete set of quasi-energy states of a forced
harmonic oscillator can be obtained from the set of stationary states of a force-free
oscillator by means of the unitary transformation which belongs to a representation
of the Heisenberg-Wey! group W,. The set of all cyclic generalized coherent states of
the oscillator coincides with the set of the quasi-energy states, if wy# lw (w is the
frequency of the external perturbation, wy is the resonance frequency of the oscillator).
The Berry phases of bound cyclic states are calculated. The behaviour of the oscillator
under a perturbation applied at 0<¢< T is considered.

In section § the system with a time-independent Hamiltonian is considered. The
criterion of existence of states with non-trivial Berry phases ( 8/2# is non-integer) is
formulated in terms of the energies of the system, and the corresponding expression
for the Berry phases is obtained. Some examples of non-stationary cyclic states,
including the coherent states of a force-free oscillator and the Wannier states of
electrons in the parabolic band, are considered.

2. Cyclic states and the Schrodinger operator

Let us consider the evolution of a quantum system in the time interval [0, T]. Let H(¢)
be the Hamiltonian of the system acting on a Hilbert space 2, States of the system
are described by vector-valued functions [¥):[0, T]>%. The set of functions
LY([0, T]; R), which satisfy the condition

-
J‘O (g()|glt)y di<o0
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is a Hilbert space with the inner product

(ailaoh =5 | @0latac @)

The Schrédinger equation may be written in the form
S(H|¥(th=0 (2.2)

where
S(1) = H(t) =ik
ot

is the Schrédinger operator [3] acting on L*([0, T]; R).

Let us consider the case where the system returns to its original state at the moment
T. The wavevector |¥(2)), corresponding to such a cyclic evolution, satisfies the
condition

[¥(TH=e"¥(0)) (2.3)

where ¢ is some real number. It was first pointed out by Zel’dovich [1] that a function
satisfying the condition (2.3) may be presented in the form

[ (1)) = exp(—iet/ # ). (t) (2.4)
where

e=—¢n/T (2.5)
and

loe(TD)= e (0))- (2.6)

Although the form (2.4) was stated for the systems with T-periodic Hamiltonians it is
easy to see that a wavevector of an arbitrary system at the time interval [0, T] may be
presented in the form (2.4) provided this vector satisfies (2.3). Note that

(W (DT ()=o) e 1)) 2.7)

It follows from (2.4}, (2.6) and (2.7) that |¢.(2))e ¥, where ¥ is the subspace of
L*([0, T]; R) formed by the functions |g):[0, T]- R such that |g(T))=]g(0)}.
The substitution of (2.4) into (2.2) gives the equation for |e. (1)),

S()e.(1)) = ele.(1)). (2.8)

The equation (2.8) with the boundary condition (2.6} is an eigenvalue problem for the
Schrédinger operator §(t). Therefore, [¢.(?)) is an eigenvector of S(¢) with the real
eigenvalue =. Note that S(¢) is not Hermitian on L*([0, T]; R ), consequently, it may
have complex eigenvalues. Since all |¢.(2)) € # this complication can be removed by
restricting S(t) to the space #. This restriction, denoted by S,(t), is a Hermitian
operator and its eigenvalues are real.

Thus, it is shown that the problem of finding all cyclic solutions of the Schrodinger
equation, which belong to L*([0, T]; ), may be reduced to the eigenvalue problem

Sa(D)]e. (1)) = ele.(1)). (29)
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on #. All the possible values of the phase ¢ are determined by the eigenvalue e by
means of (2.5). The corresponding cyclic wavevectors are given by (2.4}, The correspon-
dence between the solutions of the eigenvalue problem (2.9) and cyclic states is not,
however, one-to-one. Indeed, if (g, |¢.(1))) is a solution of the eigenvalue problem
(2.9), then for any integer p

§'=¢+phw | o1} =™l (1)) (2.10)

is also a solution. The corresponding cyclic solutions of the Schrédinger equation are,
however, identical:

@y =esp( =3 1) o) =exp( 1 et lo.t) =12, (0

In other words, all the solutions {(€’, |¢.(1)})} given by (2.10) are physically equivalent
and correspond to the state |W,.(¢)). Any solution from the equivalence class
{(’, @ (1))} may be chosen to represent the state |¥,.(¢#)}. If the dimension of the
eigensubspace belonging to the eigenvalue ¢ is more than one, a set of the linear
independent eigenvectors {|¢..)} will be chosen in such a way that

« qpksl Pme }}! = akm'

The number of equivalence classes corresponding to the eigenvalue £ is equal to the
dimension of the eigensubspace associated with e

The eigenvectors of S,(r) will be labelled by two indexes j and p. The index j will
label different equivalence classes of eigenvectors, the index p will label eigenvectors
inside each class in such a way that

e, p()) = €7@, () (2.11)

where |qos!(t)) is one of the eigenvectors of the class number j and ¢, is the eigenvalue
associated with this eigenvector. The cyclic state corresponding to the class number j
will be denoted by |¥, (¢)). Since §,(¢) is Hermitian in &

((‘Pejvp‘l ‘Pe,p»r = Bjj'app" (2.12)
Substituting (2.11) into (2.12) and using the definition {2.1) we obtain
{9, dt} @, (1)) =8 (2.13)

and

(W, (D]F, (1)=&
for any t [0, T]. The equation (2.13} together with (2.11} gives

<¢81'P'(:H (Ps',p(l'» = ajj’ ei( f-"'.D')wz.

Thus it is shown that periodic functions which belong to different equivalence classes
are orthogonal in the inner product of # while functions which belong to the same
equivalence class are not.

Consider the case where the set {|¢, )} is complete in . Then the set {|¥.(¢}}} is
complete in R at any r<[0, T]. In order to prove this we proceed as follows. Let us
take |k} € &. The vector function |A(1))=|h) belongs to 5, therefore

1 T
|hy=12, Ieoej,,(t))—J {@e,p(t')| By di'. (2.14)
Jr T

]
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Substitution of (2.11) into (2.14) and integration gives
[R) =2 lee, (K, (£) | B
I

This relation is equivalent to

|R) =2 ¥, (X, (D)]A).

Therefore sets {|¢. (¢))) and {|¥,, (1))} are complete in R. Note that in the set {|¢., (1))}
only one representative of each equivalence class of solutions of (2.9} is included. Let
us take the value of a solution of the Schrdodinger equation, {¥(1)), at the moment ¢
in place of |h):

(W) =T [¥ (OHT, (D[ F () (2.15)

The inner product of any two exact solutions of the Schrédinger equation does not
depend on time [1]. Therefore the expansion coefficients in (2.15) do not depend on
time, namely

(T (D) =Y (1)[F(to)) =

for any 1,€[0, T). The expansion (2.15) may also be written in the form
i
[F()H=2 b CXP(—‘_F; g(t— !‘o)) |ope, (2)) b, ={@,,(to}| ¥ (%)) (2.16)
J

The following expressions for the evolution operator of the systemn can be easily
obtained from (2.15) and (2.16),

Ut 1) =Z [W (KT, (h)| =X CXP(—% g(t— to)) lo, (X e, (1ol

Note that each cyclic state, taken at £ =0, is an eigenvector of the evolution operator
U(T, 0),

U(T, 0)[¥.(0)) = p.[¥.(0)

where p, = exp(—ieT/ #) is the corresponding eigenvalue. Any eigenvector of U(T,0)
corresponds to some cyclic state of the system. In the case H({T)= H(0) the states
[¥r.(0)) =|¢, (0)) are identical with the ‘cyclic initial states’ discussed by Moore and
Stedman [10] and by Moore [7, 9].

In the particular case of a time-independent Hamiltonian each eigenvector |¢g )
of the Hamiltonian is an eigenvector of §,(¢). The equivalence classes of solutions of
(2.9) may be generated by the solutions (Ej, |qu)}), where |@g,) is an eigenvector of
Hamiltonian and E; is the associated eigenvalue. If |pg ) is chosen as a representative
of the class j for each j then the expansion (2.16) reads

W) =3 byexo( 5 B-10)les) b =(os | ¥

This is the familiar expansion of a state of a closed system in stationary staies of
discrete spectrum. Thus the solutions of the form (2.4), which describe the stable
behaviour of the system under a non-adiabatic perturbation, provide a natural extension
of the notion of stationary states of a closed system.
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For finite-dimensional systems the existence of the complete set of cyclic states is
provided by Floquet theory [14], because in this case the Schrodinger equation in a
finite interval [0, T] is equivalent to a system of ordinary linear differential equations
with piecewise-continuous T-periodic coefficients (see the next section).

For infinite-dimensional systems one cannot always expect solutions of (2.9) to
belong to #. In a number of cases the solutions of interest do not belong to %, and
it is useful to consider, instead of the Hilbert space 9, the rigged Hilbert space %> 2.
The latter case take place when §, has a continuous spectrum.

3. Cyclic states and quasi-energy states

In this section the connection is established between the cyclic states of a system
considered in the time interval [0, T] (system 1} and the quasi-energy states of a
T-periodic system (system II), closely related to the first one.

The Hamiltonian of the system II, H);(¢), is defined as follows: H,;(¢) = H(t) for
t€[0, T), Hy(t+ T) = Hy(t) for fe (-, w), where H(¢)= H(?) is the Hamiltonian
of the systemn 1. The Schrédinger equation for the system IT has piecewise-continuous
T-periodic coefficients.

Consider the problem of finding quasiperiodic sclutions

lws(r»=exp(—% er) lou(1)

lo.(t+ T =|e.(2))

of the Schrédinger equation with the Hamiltonian Hy(t+ T) = Hi;(¢) for all real ¢ In
the case of T-periodic systems the real parameter £, which determines spectral charac-
teristics of the system, is called the quasi-energy [1, 51 and the state [¥.(2)} is called
the quasi-energy state.

It is clear that any quasi-energy state |¥,(¢)} of the system II satisfies the condition
(2.3). Therefore, it coincides with one of the cyclic states of the system 1 in the interval
[0, T1. On the other hand, if the vector |p, (1)}, corresponding to a cyclic state of the
system I, is periodically extended for all real 1, then [¥ (1)) =exp(—ist/ h)|e. (1))
coincides with the wavefunction of one of the quasi-energy states of the system II
Thus it is shown that the eigenvalue problem (2.9) for the §,(t) is equivalent to the
problem of finding quasi-energy states of the corresponding T-periodic system. In
what follows the terms ‘the quasi-energy state’, and ‘quasi-energy” will be used for the
description of cyclic states of the system 1 as well as the system I1.

The set {{@,(0)): [0, (1)) =e?|g,)}, where {|g,)} is a basis of &, is a complete
orthonormal set in . The matrix form of the equation (2.9) in this basis set of ¥ is:

) % (Hyp i + ph8dy, ),F(sfl) = EJ'F(B;’ . (3.1)
1

The matrix elements of H{7) in the basis {|¢,,}, are equal to the definite Fourier
coefficients of the matrix elements of H(z) in the basis {|g,(t)}}, namely

"

1 =i{ p~Kk)awt -
an,fk=((¢np|H(t)['pIk»l=?J‘ g ip=h) H, ,(t) dt=H *
o

where H, ,(t) =(g,(2)| H(t)|g:/(t)). The expansion coefficients of the vector |, (1)) in
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the basis {|¢,,(#))} are equal to the Fourier coefficients of {(g.(t}| ¢. (1)), namely,
1 T —ipw
FR=(om(Dlon=1 | e g, 0l0 (00 ar
0

It is shown above that to any system, considered at a finite time interval [0, T], there
corresponds a system with T-periodic Hamiltonian, which may in general have discon-
tinuities, The Fourier series for a function F(¢) is convergent in the interval [0, T] and
its sum is equal to (F(z+0)+ F(r—0))/2 if it satisfies the Dirichlet conditions {see,
for example, chapter VI of [131). One of the conditions is to have a finite number of
discontinuities of the first kind. If the series is convergent in the interval [0, T] then
it is convergent for all real ¢ and its sum is T-periodic function. Therefore, if the
difference H,, (T}~ H,,,(0} is finite the Fourier series for the matrix element H,,(#)
is convergent in the interval [0, T1. The sum of the series is equal to (Hy,, (¢ +0)+
Hyp (t—0)}/2 for all real ¢. Consequently, the condition on H(z), H(T)= H(0) can
be relaxed to the requirement that H, ;(2) should have a finite nzmber of discontinuities
of the first kind in the interval {0, T].

Thus, the eigenvalue problem (2.9} is reduced to that (3.1) of an infinite matrix
with constant coefficients. This matrix has certain regularity in its block structure for
a suitable ordering of indices. For some systems the eigenvalue problem (3.1} may be
reduced to that of a finite block [4, 8].

The eigenvalue problem (2.9) for the case §,(0} = 8,(T) was considered by Sambe
[2] and Okuniewicz [3]. The composite Hilbert space introduced in [2, 3] is identical
with #. The matrix form (3.1) of the problem was first considered by Shirley [4] for
the case of finite-dimensional systems with T-periodic Hamiltonians.

4. Berry phases

In this section the language of the quasi-energy approach will be applied to the
description of the Berry phases of a quantum-mechanical system. In order to do this
we begin with the generalization of the Berry phase by Aharonov and Anandan [12].
In this formulation the wavevector of the cyclic state |W(r}) is presented in the form

[w(t))y=e"No (1)
where
AT)-f0)=4¢ (4.1)
lp{T)) =] (0)). (4.2)
The phase ¢ is expressed as a sum of two terms ¢ = 8+ v, where

1 T
y=-;j ()| H(5)| V(1)) dt
0
is called the ‘dynamical phase’ and
T 3
g =i <¢>(T) o ¢(f)> di
0

is the Bérry or ‘geometrical’ phase. Note that the conditions (4.1) and (4.2) define f(t)
and |¢(2)) up to the transformation

fl)->f(y+g(1) le (1)) exp[-ig(le(1))
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where g(T)=g(0), and 8 is invariant under this transformation. Thus |¥(¢)} may be
taken in the quasi-energy form (2.4). This form corresponds to the choice of f(t) to
be a linear function of time:

Jf(ty=—ct/*.

In the framework of the quasi-energy approach, the cyclic evolution is described by
the guasi-energy state and represented by the ray of the Hilbert space 3, while in
terms of the Hilbert space R the cyclic evolution is considered as ‘propagation of the
state of the system along the closed curve in the projective Hilbert space & of rays of
R’ [12].

The phases vy and 8 can be expressed in terms of the inner product of the Hilbert

space ¥
B= T<< Pe

Thus, the Berry phases of the system differ only by the factor T from the corresponding
diagonal elements of the matrix of the operator i(3/3¢) in the basis {|¢.(¢))} of the
appropriate subspace of . Similarly, the dynamical phases differ only by the factor
~T/h from the corresponding diagonal elements of the matrix of the Hamiltonian in
the same basis.

Note that the change of timescale,

i—

at

¢s>>r v=—%((<oslHl<pe>),- (4.3}

T=el where w =2#/T
transforms the Hilbert space & into the space #" independent of T [3]. The Schridinger
operator in ' is given by

Si(r, w) = H'(7) - ihwa% (4.4)

where H(t)= H(7/w). Let us represent the Hamiltonian as a Fourier series
H(t)=Y H"® ™",
k
If we consider H as a function of the parameters {H'®’} and w, then H'(r), represented
as a Fourier series, does not depend explicitly on o:

SH'({H™)}, 7) _

- 0. (4.5}

Taking the partial derivative of (4.4) with respect to @ we obtain;

g _3Sun0)
ar o

Now the Berry phase may be rewritten as

Sl
ﬁﬁ=2«r<(qo;(fr) i ¢;(7)>>T=—~2,—;’—’ ((«o;(ﬂr)ih%]cp;(ﬂ»r (4.6)

where p.{7)= ¢.(t) and

2w
Loi(n) | @a(7)), =ﬁ J. (ei(m) | ea(r)y dr =) @ 1)1

4]
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The eigenvalues and eigenvectors of S, depend on the parameters {H*'} and w.
If the eigenvector jp (1)) of the discrete spectrum of S, is a single-valued function of
@ in some interval A, and the associated eigenvalue ¢ is a differentiable function of
o in this interval, we can apply the Hellman-Feynman theorem [2, 18] to obtain

(oo 25z

1t follows from (4.6) and (4.7) that the Berry phase of the state {¥ (1)) for any we A
is given by

z(r>>> — (oIS, @) e = (@4T)
r 1] dew

27 9e(w, {H))

h dew (48)

)85 =-
Let us now examine the case where (4.8) is not applicable. Let the quasi-energies

of some subset of quasi-energy states {|¥,())} satisfy the condition
&y = Eg+ kg (4.9)

where k, are integers, w, 1s a positive real number. For the frequency o = oy this subset
is degenerate, because according to (2.10) all the quasi-energies of the states {|¥, (t))}
may be chosen to be £,. Any superposition of the corresponding quasi-energy states

[T(e)=E a.|¥.() (4.10}
is the quasi-energy state with the frequency w, and the quasi-energy =,. Indeed,
iggt igot
[¥ () =exp(—7") z anlqo,,(r)>=exp(-;f—)t%(r)>

where each |¢,(2)} is the T-periodic part of [¥,.(¢)) associated with the value of the
quasi-energy ¢, and

leo(th) =2 an|ea(2)) (4.11)
is the T-periodic part of {¥(1)). The Berry phases of the states (4.10) with more than
one non-zero a, cannot be found by means of (4.8), because these states are cyclic

for the isolated value of @ = @, only. Substitution of (4.11) into {4.3) gives an expression
for the Berry phase of jW(1)):

B= TZ ana <<¢m(t)’l“

qon(t)>>t (4.12)

5. The adiabatic approximation

Let us now illustrate the above approach by the case of the adiabatic approximation.
Let the initial state of the system be an eigenstate of H(0). If the Hamiltonian of the
system is slowly altered, then, according to the adiabatic theorem, at any instant the
system will be in an eigenstate of the instantaneous H (). If the Hamiltonian is returned
to its original form, the system returns to its original state. The wavefunction in this
case is [11]

wn=exp(3 | E(R( ar) xplpoin(RY 6.0
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where E,(R) and |n(R)) are the instant eigenvalues and eigenvectors of the Hamiltonian
H(R), R = R(1) is some parameter and R{T) = R(0). The wavefunction {5.1) satisfies
the condition (2.3), and the corresponding ¢ is given by

- T
¢=;‘j E,(R(1)) dt'+B B=B(C)=iL(H(R)IVRIH(R)NR (5.2)

0

where C={R(#): 0= t= T} is a closed curve in the parameter space. According to the
results of sections 2 and 3, the state (5.1} is a quasi-energy state and its quasi-energy
for a given T is

2=

o tH = |

o

E,(R'(r)) dr—L- o (5.3)
27

where R(7)=R(7/w) and w =27/ T. 1t follows from (4.5} that 8E,.(R'(7)}/dw =0.
The first term in the right-hand side of (5.3) does not depend explicitly on the frequency
@. The Berry phase B does not depend on the parametrization of the curve C and,
consequently, does not depend on w. Thus, we can see that the expresgion (5.2) for
the quasi-energy of the cyclic state in the adiabatic approximation is in agreement with
the general formula (4.8). The expression (5.3) is the expansion of £(w, {H™}) in
powers of w in the vicinity of w =0,

oo (HON = (0, {HOD - £ o,

Thus, in the adiabatic approximation, &(w, {H*'}) is a linear function of w.

Let us now imagine two identical systems in the same initial state, which is an
eigenstate of the Hamiltonian H(0) with an eigenvalue E,. Let the Hamiltonians of
these systems be slowly and independently altered in such a way that at =T they
return to their initial value H(0), and then remain time-independent. For any t=T
the wavefunctions of these systems will kave the phase difference

Ap=(g,—e;)T/ . (5.4)

Thus, for the fixed T, the difference between the phases of the wavefunctions acquired
in the process of the adizbatic perturbation is proportional to the difference between
the quasi-energies of the states of the systems.

Let us note that H(0) = H(T"} for any T'= T. Therefore, any T'= T may be taken
instead of T. Consequently, the phase difference A¢ given by (5.4} should not depend
on T". To see this, let us consider ¢’ corresponding to T":

-1 7
¢'=?j En(R(t'))d?'+ﬁ=¢'—‘;; E(T'-T).
0

The corresponding quasi-energy is given by

. ¢'h T E(T'-T)
e
T’ Tf T’

1

£

The phase difference A¢’, according to (54), is
A¢'=(g1~ex)T'/h=Ad.
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6. The two-level system

In this section we will illustrate the general approach developed above by the example
of the two-level system. For simplicity we consider the rotating-wave approximation.
The Hamiltonian of the system is given by

E2 F e—iw!)
H(t)_(F* eimr, EI .

The solutions of the Schrodinger equation with the Hamiltonian (6.1) are well known
(see, for example, Landau and Lifshitz [15], problem at the end of section 40). There
exist two linearly independent gquasi-energy solutions:

i =en(~2eu)lost) 1) =exp( ket loalo
(6.2)

(6.1)

The quasi-energies of the states [¥,{)) and |¥,(¢)} are given by
g =E —#(l—Aw)/2 gy=E,+ (0 —Aw)/2 (6.3)

and the corresponding T-periodic functions in the basis

o) e()

are
by, e_m") ( (298
th= th= R N

lea (£} b, le2{2)) by, € (6.4)

where
f(Aw +02) o [(Q—Aw

b= '("T byy=—¢'* (20—)

b21= _e-i‘pblg b22=ei¢b“ ACO=(UQ_'OJ
and

E,—-E F
wo“—‘—zﬁ——] Q=v(Ao) +4|n|* n=[nfe® =2

It is an interesting fact that
£, — &, =hw+ K.

Hence the frequency w+( is a resonance frequency of the system.
Let us now consider the limit case F -0 (w is kept constant). For small enough %
we have

Q=[Aw|(1+2[n["/(Aw)).

The limit values of the quasi-energies (6.3) and of the T-periodic functions (6.4} depend
on the sign of Aw.
If Aw >0,

g+ E; g> E;

|y (£}~ 1) |21} > €"?[2).
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If Aw <0,
8]'_)E2_ﬁw 82—>E,+ﬁw
(1)) > —e 7" e™%]2) [a(1))> (1),

Thus, we have shown that the quasi-energy states |¥,(¢)) and |¥,(t)} tend to the
stationary states of the system if F—0. At first glance it may seem strange that in the
case Aw <0 the guasi-energies do not tend to the energies of the unperturbed states.
This is due to the fact that the quasi-energy and the T-periodic part of the wavefunction
of a quasi-energy state are defined up to the transformation (2.10).

Let us now consider the Berry phases of the states (6.2). For F # 0 the functions
(6.4} are continuous functions of e, and the quasi-energies (6.3) are differentiable
functions of . Therefore, the Berry phases of the states |¥,(¢)}, |¥,()} can be calculated
by means of (4.8):

B1=7(1-Aw/Q) B2=~-p. (6.5)

The quasi-energies {6.3) and the T-periodic functions (6.4) can be neatly expressed
in terms of the Berry phases:

el=E,—f—;ﬁQﬂE,—EﬁQ £2=Ez—f—;hQ=Ez+Eﬁﬂ
—el? e‘i‘"'\/E e""’\/ITE
o= TR ) et o /B )
where

Thus, it has been shown that the shift (with respect to the case F =0) of a quasi-energy

of a two-level system caused by a non-adiabatic periodic perturbation is proportional

to the Berry phase of the corresponding quasi-energy state. Since the quasi-energies

determine the spectral characteristics of the system, this shift can be measured.
Consider now the case of resonance where

Ey— g, = lhw

for some integer I The multiphoton resonance frequencies of the system, w;, can be
found from the equation

ﬁw; +#0= ifl(!);. (6.6)

I=1 = the equation (6.6) has no solutions if F # 0, the system has no
exact one-photon resonance

2 2
o

—wp+ V(1 -1)2+ 4|52 -2)

- =
if we»|n| then
2
o =2 2nl

I &JQ(I'—I).
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At the frequency of the external field w = w, the quasi-energy states (6.2) are degenerate.
Let us equalize the quasi-energies of both states in the following way:

1= gh=g,=Ilhw,=g,.
The corresponding T-periodic functions are

lei(e) =lo.(th [03(1)y=e7"“|a(2)). (6.7)

The Berry phase of a normalized mixed quasi-energy state a,|W,(¢)}+ a|¥,(¢)) can be
obtained from (4.12). Substitution of (6.4) into (6.7) and direct calculation shows that

(o110 | 31}, =0
which gives
B =lai*B: +|a*(B.+2a).

In the case where F=0 and wy=w, B;=B,=0. The Berry phase of a mixed cyclic
state is given by

B =2mllay| (6.8)

in agreement with {8.4).

Finally, we note that the Berry phases of non-adiabatic two-level systems were
considered previously by Moore [9], who employed the Floquet Hamiltonian method
[4] for finding cyclic states. The expressions for the Berry phases (6.5) are equivalent
to that obtained in [9]. However, the case of resonance, where all states are cyclic,
was not considered in [9].

7. The forced harmonic oscillator

In this section the general approach developed above will be applied to the forced
harmonic oscillator. The Hamiltonian in this case is given by

H(1)=3(p*+ oix™) - f(t)x

where x and p are the coordinate and momentum operators, w, is the resonance
frequency of the oscillator (#=m =1 in this section). It was shown by Popov and
Perelomov [16, 17] that the quasi-energy states of an harmonic oscillator subjected to
an action of a T-periodic force can be expressed in terms of a periodic solution of the
classical equation of motion

() +win(t) =£(2) (7.1)
and the stationary states {{n{wo, #})} of the force-free oscillator:

|n(wo, 1)) =e™"E|n (o)) E,=(n+3wo

T\ /2 2 ‘
ety =772 exof -2 (Va0

where H,(x) is a Hermite polynomial. If wy# lw, where ! is an integer, the equation
{7.1) has a unique periodic solution given by
oo f(k) eikwr

()= ¥ =

A 7.2
k=—as (ﬂo_kzw- ( )
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where {f*’} are the Fourier coefficients of (). Since f{(¢) is real, f*¥) = "% In the
case w, # lo there exists a set of quasi-energy solutions {{x|¥,(r)}} of the Schridinger
equation [16, 17]:

s =exe it =) 5 im0+ [ a(n or)

x e'®n{x = ()| n(w,, 1)}
where
&, =—11(0)n(0)
and n(7) is given by (7.2). The quasi-energy e, of the state |¥,(¢)} is

g, =E,+Ae (73)
1 T {042 (k)12 v
As=—5—?:J-O f(t}n(t)dt-—"—l'; l + ¥ Fa

3
o k=1 kzwz—wo

It is not difficult to verify that the set {{¥'.(t))} can be obtained by a unitary
transformation of the set {|n(w,, 1))}, namely

[¥,(1)) = D (e, ()}n{wo, O (7.4)

where

1 t
0,(t)=,+> f n(r)f(z) dr
D(a)=exp(aa” - a*a) is the displacement operator and

) @on(t) +in(r)

a,(t) m

Thus if we# kv, where [ is an integer, the set {|¥ (1))} is complete in & at any moment
of time.

If wy=lw for some integer I the equation (7.1) has periodic solutions if, and only
if, 7"=0. If w,=lo and " =0 for some I any solution of the classical equation is
periodic. The set {|¥,(1))} given by the particular solution (7.2) is complete. The
quasi-energy states |V, (1)) are degenerate, because, according to (2.10), ail the quasi-
energies &5, may be chosen to be the same:

I — —
eh=g,—nlw=¢g.

Any superposition of the states |V, ()} is a quasi-energy state with the quasi-energy
£o. In the case of resonance, where wy = lw, the classical equation (7.1) has periodic
solutions and the Schrédinger equation has bound solutions if, and only if, f*"=0.

Let us consider an oscillator subjected to the action of an arbitrary force f(¢) for
0=t= T If f(T)# f(0) the periodic extension of f(¢) has discontinuities in the points
kT where k is an integer. Nevertheless any solution £(¢) of the classical equation (7.1)
has a continuous derivative. The continuity of £(z), and £(¢) can be easily verified if
one takes into account that any solution £(t), including the periodic solution 7(¢),
can be presented in the form:

&(t)= \/%)_; (!0’ d*{£)+e "' d(2)) (7.5)
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where

i "
d(t)=d(0)+ Teto” d
()=d0) 4= | 'e“ste) dr
and d(0) is a constant. Consequently if the classical equation (7.1) has the periodic
solution (¢} then functions {|'¥.(¢)}} and the corresponding periodic functions

len (1)=& [¥ (1)) |lea{ T)) = 1(0))

are continuous functions of time. Thus, apart from the case where w,= lw and f*" # 0
for some I, an oscillator subjected to an action of an arbitrary force f(¢) for 0=¢<T
has a complete set of quasi-energy states given by (7.4).

Note that the transformation

W=e 5 e D(a, (1) (7.6)

belongs to a representation of the Heisenberg-Weyl group W, [6]. It follows from
(7.4) that the quasi-energy state

¥ (1) = Win{wo))

is a generalized coherent state with the starting vector |n{w,)) (see section 1.2 in [6]).
Since the displacement operator D{a) preserves the dispersions Ap and Ag the
uncertainty relation for the state |¥,(#)) is

ApAg=n+3.

In particular, the ground quasi-energy state [¥,(t)) is a standard coherent state.
Now we can see that if a force-free harmonic oscillator is in the generalized
coherent state with the starting vector |n{wo)) and the amplitude ., (0) e ™" at t <0,
and a non-adiabatic external perturbation, such that if w,=lw then f'=0, is
applied on [0, T, then the state of the system on this interval is the quasi-energy state
[¥.(#)). For ¢>T the oscillator is in the generalized coherent state with the
amplitude «,(0) e ™o*=T) et us imagine another oscillator identical with the first
one in the same initial state with no perturbation applied on [0, T]. For ¢ > T the state
of the second oscillator will have the amplitude «,(0) e7'**". Therefore the states of
the oscillators will be the same for t > T only in the case of resonance, wq= lw, £ =0.
In this case for any t = T the wavefunctions of the systems will have the phase difference

Ad=AeT (1.7)

where Ae is given by (7.3). On the other hand in the case of resonance any state of
the perturbed harmonic oscillator is cyclic as well as any state of a force-free oscillator
being cyclic with the frequency w, (see section 9). Thus if we take two identical
oscillators in the same states at ¢ <0, one of them subjected to an external perturbation
on [0, T] such that wy=lw, ' =0, the states of the oscillators will be the same for
t> T and the phase difference of the wavefunctions, A¢, will be given by (7.7). Note
that A¢ does not depend on the initial state.

Let us now calculate the Berry phases for the cyclic states of the forced oscillator.
In the case wy# lw, where [ is an integer, all the cyclic states are given by (7.4). The
Berry phases of these states can be obtained from (4.8) and (7.3)
) (k)2
B =dmw 3, 'Ll—zEBo.

k21 (Ko™ - )
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The Berry phase B, can also be expressed in terms of the periodic solution #(¢) of
the classical equation

130:"[ n(1)i(1) de.

0

If wo=lo, =0 for some integer I the quasi-energy states |¥,(¢)} are degenerate,
namely

¥, (1)y=e""|@n (1)}

lon(1)y=e"" g, (1)).
Any superposition of the states |¥,{t)} is 2 quasi-energy state with the quasi-energy
go- The Berry phases of mixed states cannot be found by means of (4.8), because these
states are cyclic for the isolated value of w = w/! only. The Berry phases of mixed

states will be obtained from (4.12). The diagonal matrix elements of the operator
i(3/at) are given by

<<¢L(t)

Let us consider non-diagonal matrix elements of i{3/a¢). It is not difficult to see that

form#n
<<¢:"(t) %“":‘(’)»,:«m(%) "(wo)>>r- (7.9)

Taking the derivative of the displacement operator we obtain

g (p:,(f)>> = Bo+ nl w. (7.8)

i—
ar

. (=)o .8
i el'|.'m n) !D+(a1?)!a_tD(aq)

D
D*(a,,)a—;:i)=A+i Im(d ) (7.10)
where
A=a.a" —dia (7.11)
Substitution of (7.10) and (7.11) into (7.9) gives for m#n
T
<<¢L,(:) 2 qpi,(z}>> =l[ elm=motiy (wo)| Aln(we) di. (7.12)
ot e T o

Let us show that the matrix element (7.12) equals zero. In order to do this consider
the matrix elements of 4 in the basis {|n(w))} of &,

{m{w)|Aln(we)) = dnyVn+1 8py iy — d5VN 8y ey (7.13)
and the Fourier series for a,,
oo (k) ket
e
o= T L
2(00 k= =00 Cl)g‘l'ka)

The subsequent substitutions of (7.13)} and (7.14) into (7.12) give the matrix element
(7.12) as a sum of terms containing factors of the type:

(7.14)

T
f(k) -[ ei:ifwl eikmt di. (7.15)
0

If k==1 (7.15) equals zero, because f**"' = 0. If k # + I, the expression (7.15) equals
zero, because the integral equals zero. Therefore,

<<fp£n(r)‘i£]¢;(:)>> =0 for m # n. (1.16)
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Substitution of (7.8) and (7.16) into (4.12) gives the Berry phase of an arbitrary state
of a forced oscillator in the case of resonance, w, = lw, f'V=0,

B=pBo+2ml ¥ nla,f {717

The first term in the right-hand side of (7.17) is due to the dependence of the
quasi-energy on the frequency of the external perturbation. The second term is due to
the degeneracy of the quasi-energy in the case of resonance.

It is well known that if the initial state of a forced oscillator is a2 coherent state
then this state will be coherent at any time = 0. Let us obtain the Berry phase of a
standard coherent state |¥,(r)) with the initial amplitude «,

¥4 (0)) = D(e){0( o). (7.18)
Substituting

D(a) = D{(a,(0))D{a,) exp{i Im(a,a%(0))}
where

a,=a—a,(0)

into (7.18) and taking (7.4) into account we obtain the expansion of the state |'¥,(0))
in quasi-energy states {|'V,.(0)},

2.0 = exp(-1%0) £ Ll iy 7.19)

where § = a,a¥(0)— ¢,.

The quantity a, can be interpreted as the amplitude of the coherent state |W.(1))
in the guasi-energy states basis. Indeed, the expansion coefficients of any solution of
the Schrddinger equation in the quasi-energy states basis do not depend on time,
consequently the expansion coefficients of [W, (1))} in {|¥,(2)}} can be obtained from
(7.19)

,s Jag™y (ag)"
a,=¢ exp( 5 ) NET (7.20)

and we have

¥, ()= exp( Lo "'2) > Caliy ).

This expansion is similar to the expansion of a standard coherent state of a force-free
oscillator in the stationary states basis {|n{wo, £)}}.

Substitution of (7.20) into {7.17) gives the Berry phase of a standard coherent state
in the case of resonance

B = Bo+2ml|e,*. (7.21)

Note that the Berry phases of standard coherent states in the particular case of
resonance, where [ = 1, were considered previously by Moore [7]. The equation (7.21)
is different from Moore‘s equation (52) because in Moore the Berry phase of a standard
coherent state is expressed in terms of its time-dependent amplitude z{t) relevant to
the basis {|n(w,})}, while in this paper the Berry phase of a standard coherent state is
expressed in terms of its time-independent amplitude a, relevant to the quasi-energy
states basis {|¥,(1))}.
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8. The time-independent Hamiltonian

A time-independent Hamiltonian is a particular case of a T-periodic Hamiltonian with
an arbitrary period T. Let the Hamiltonian have a discrete spectrum. The equivalence
classes of solutions of (2.9} can be generated by the solutions (E,, |¢g)), where |¢g )
is an eigenvector of Hamiltonian and E; is the associated eigenvalue, The Berry phases
of stationary states [¥;) = exp[—1E,(t)/ #]|p¢ ) are trivial, 8 = 27k, where k is an integer.

Let us note now, that even in the case of a closed system, for some values of the
frequency w there are quasi-energy states which are not eigenstates of the Hamiltonian.
The Berry phases of these states are non-trivial in general. In order to show this, let
us consider the case where the energies {E,} of a subset of the stationary states,
{|¥.(1)3}, of a closed system are given by

EH=E()+ knﬁwo (8.1)

where k, are integers, w, and Ej are real numbers, w,> 0. The condition (8.1} is a
particular case of the condition (4.9). Clearly, any two energy levels E; < E, of any
system satisfy this condition when E,= E,, k; =0, k, = 1, and wy is equal to the rescnance
frequency of the system w, = (E; — E;)/ . For some systems all the energy levels satisfy
the condition (8.1), e.g. harmonic oscillators, spin-j particles in an homogeneous
magnetic field.

Taking (8.1) into account |¥,(¢)) can be written down as

¥, ()= exp(—% Eot)lson(t)) |@a(2)) = exp(—ik,wot )| @, )

where |¢,(¢)} is a periodic function with the period T, = 27/ w,. An arbitrary superposi-
tion of the gquasi-energy states from the subset {|¥,(1)}},

()= exp(——Eo ) 2 ax|e. (1)) (8.2)

is also a quasi-energy state with the quasi-energy E,. On the other hand, if more than
one a, differs from zero, then [¥(#)) is not a stationary state.

It is easy to prove that the converse is also true, namely, if some non-stationary
state |G(#)) of a closed system is cyclic, i.e. |G(0))=¢'*|G(T,)), then a subset of the
energy levels satisfies the condition {8.1). Thus, we have obtained a criterion of existence
of non-stationary cyclic states of a closed system.

The Berry phase of a non-stationary cyclic state can be obtained from the general
expression (4.12). Substitution of

<<¢m(r)|1— qon(t)»l ko8

into (4.12) gives
B=2m7Y k.a,|* (8.3

If only one of the coefficients a, in (8.2) is not zero, then [¥(¢)) is a stationary
state. We can see from (8.3) that in this case 8 =2wk,, i.e. it is trivial. For the case of
two energy levels E; < E,, considered above, the Berry phase is given by

B8=2n|a| 8.49)
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in agreement with (6.8). The expression (8.4) identical with the result obtained by
Moore ([7], equation 8) for a time-independent two-level system. Formula (8.4)
reproduces the result of Aharonov and Anandan [12] for the case of a spin-3 particle
in 2n homogeneous magnetic field.

Let us now turn our attention to a force-free harmonic oscillator. Its energy levels
are given by the formula (8.1) with E, = fiw,/2 and k, =1, where o is its resonance
frequency. All its states are cyclic, with the frequency w,. Let us derive an expression
for the Berry phase of the coherent state with the initial amplitude e. Its expansion
coefficients a, are given by

o —ex ( .i_a_lf) e
nTER\ TR nr
The Berry phase of the coherent state |a) is
B. =2m|al’.

This expression can also be obtained from (7.21) if we take into account that, for a
force-free oscillator, B,=0 and «,,(0)=0.
In conclusion let us discuss localized states of an electron in the crystal:

an(r—r,, t)= PV2Y exp(—iK - r,) exp(—% EN(K)r) T (r) (8.5)

where N is a band index, K is a wavevector, P is the number of cells, r, is a lattice
point, ¥ n(r) is 2 Bloch function. The functions ax(r—1r,, t) possess some useful
properties. Firstly, they are solutions of the Schrodinger equation. Secondly, they have
the Wannier functions as the initial conditions, hence we will call them the Wannier
states. Thirdly, they form a complete orthonormal set at any moment of time,
{an(r—1,, D|an{r—ry, 1)}, = 8n'N8y,. Fourthly, Wannier states of the parabolic band
of a cubic crystal are quasi-energy states. For simplicity we will demonstrate the last
property in the one-dimensional case. The energies in this case are given by

S
sz Pa

En(K)}=EN(0)+ —iP<n=ip (8.6)
where my, is an effective mass, a is the size of a cell, n is an integer. The energy levels
(8.6) satisfy the condition (8.1} with the parameters

2h7* s

EozEN(O:} Wy k,,-—'n .

" Pa’m N
Therefore, the Wannier states (8.5) of the band N are cyclic states, corresponding to

the degenerate eigenvalue of the Schrédinger operator En (0}). They all have the same
mean energy and the same Berry phases:

Bn =%(2P2+1+3(—1)P).

9, Summary

The results of this paper lead to the conclusion that an adequate description of cyclic
states of a quantum-mechanical system can be provided in terms of eigenvalues and
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eigenvectors of the Schrédinger operator S, rather than of the Hamiltonian. The fact
that even in the adiabatic case there exists a non-trivial Berry phase which does not
depend on the timescale of the perturbation is a strong argument for this conclusion.
All the cyclic states of a system, including stationary states, are determined by the
eigenvalues and associated eigenvectors of S§,. The notion of a quasi-energy state was
introduced as an extension of the notion of a stationary state for the case of systems
under periodic perturbations, where stationary states do not exist. However, even in
the case of a system with a time-independent Hamiltonian, there exist quasi-energy
states that are not eigenstates of the Hamiltonian. The Berry phases of such states are,
in general, non-trivial.

There are two types of quasi-energy states related to the discrete spectrum of S,.
The wavefunctions of the states of the first type are single-valued functions of the
frequency of the external perturbation @ in some intervals. These states have non-trivial
Berry phases only for systems with time-dependent Hamiltonians. The wavefunctions
of the states of the second type are cyclic only for some isolated values of the parameter
w, related to the resonance frequencies of the gystem. These states have non-trivial
Berry phases both time-independent and time-dependent Hamiltonians. A ‘classical’
example of such a state is a coherent state of an harmonic oscillator.
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